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NONSTATIONARY HEATING OF A CONICAL ROD 
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The Galerkin-Kantorovieh method is used to obtain an approximate 
solution of the nonstationary problem of heat conduction for a thin 
conical rod. 

In a n u m b e r  of b r a n c h e s  of t echno logy  ( m o t o r - b u i l d -  
ing,  av ia t ion ,  e tc .  ) f inned s u r f a c e s  a r e  of ten used  to 
p r o m o t e  cool ing  e f f ic iency .  Conica l  f ins  a r e  m o s t  
c o m m o n l y  employed .  C o n s i d e r a b l e  i n t e r e s t  a t t a c h e s  
to p r o b l e m s  of the hea t ing  of thin f ins .  In des ign ing  
finned s u r f a c e s  i t  is  f i r s t  n e c e s s a r y  to d e t e r m i n e  the 
t e m p e r a t u r e  d i s t r i b u t i o n  o v e r  the fin. In a n u m b e r  of 
s tud ies  [1-3]  the so lu t ion  of the s t a t i o n a r y  p r o b l e m  of 
the hea t ing  of  a thin con ica l  rod  i s  g iven in t e r m s  of 
B e s s e l  funct ions .  It is  a l so  i m p o r t a n t  to  obta in  a s o l u -  
t ion of the nons t a t i ona ry  p r o b l e m .  

We wi l l  c o n s i d e r  the  hea t ing  of a thin rod ,  i . e . ,  an 
e l e m e n t  with high t h e r m a l  conduc t iv i ty  whose t r a n s -  
v e r s e  d imens ions  a r e  s m a l l  c o m p a r e d  with i t s  length.  
Then we can n e g l e c t  t r a n s v e r s e  t e m p e r a t u r e  g r a d i e n t s  
and c o n s i d e r  the o n e - d i m e n s i o n a l  f o r m u l a t i o n  of the  
p r o b l e m .  We can e s t i m a t e  the  e r r o r  due to the a s s u m -  
pt ion of o n e - d t m e n s t o n a l t t y ,  fo r  e x a m p l e ,  f r o m  the 
so lu t ion  of the o n e - d i m e n s i o n a l  p r o b l e m  of hea t  conduc-  
t ion fo r  an inf in i te  p la te  [4], c o n s i d e r i n g  the hea t  con-  
duet ion o v e r  the t h i c k n e s s  of the rod  under  the l e a s t  
f a v o r a b l e  hea t ing  condi t ions .  

M a t h e m a t i c a l l y  the p r o b l e m  is  f o r m u l a t e d  as  fo l lows 
(Fig.  1): 

at o~t 

a ~ ax ~ 

2a Ot 2a 
( t -- t in) ,  (1) 

H - - x  Ox c ~ ( H - - x ) s i n O  

X Or(O, ~) - -%[t rn t - - t (0 ,  x)], Ot(h, ~) =0,  (2) 
Ox Ox 

t (x, o) = f (x). (3) 

We note  that  in the  c a s e  of a con ica l  n o n c i r c u l a r  rod  
the  m a t h e m a t i c a l  f o r m u l a t i o n  of  the  p r o b l e m  r e m a i n s  
the  s a m e  ( c o r r e c t  to the  cons tan t  coe f f i c i en t s  in Eq.  (1)). 

In the  l i m i t  a s  fl ~ 0 (h and r r e m a i n  cons tant )  Eq. 
(1) goes  o v e r  into the hea t  conduct ion equat ion fo r  a 
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c y l i n d r i c a l  rod  

Ote O2tc 2a 
- -  = a - -  ( t  c - -  t i n ) .  ( 4 )  
O x Ox ~ c ~i r 

The solution of the problem (1)-(3) will be found in 

the form 

t (x, x) = tst (x) + u (x, x). (5) 

The s t a t i o n a r y  so lu t ion  tst(X ) is  found f r o m  (1) with 
b o u n d a r y  condi t ions  (2). Then u(x, r) i s  d e t e r m i n e d  
f r o m  the p r o b l e m  

Ou 02u 
L [u] ~ - - - - a  - -  + 

O �9 ax ~ 

2a Ou 2~. + - -  4 u = 0, (6) 
H ~ x  Ox c T ( H - - x ) s i n ~  

x ou (0, ~) Ou (h, ~) = %u(O, "Q, - -  = 0 ,  (7) 
Ox Ox 

u (x, 0) = ~ (x) - qt (x) = h (x). (8) 

To d e t e r m i n e  tst(X) we emp loy  the G a l e r k i n  method 
[5], us ing  as  c o o r d i n a t e  funct ion the known s t a t i o n a r y  
so lu t ion  of p r o b l e m s  (4) and (2), which has  the f o r m  

ai ( t rni-  tin) 
t s t . c = / m +  -a~ch V 2 a / ~ r  h_l_ k ]fl2--~7~r sh V2a---f-~h X 

| / 2 ~  ( x -  h). (9) x ch -27 

F o r  the s t a t i o n a r y  ca se  in the  new v a r i a b l e  v(x) ob t a in -  
ed f r o m  tst(X) by  m e a n s  of the  r e l a t i o n  tst(X ) tin1 - v(x),  
Eq. (1) is  w r i t t e n  as  fo l lows:  

M [vl = ( H - -  x) d2-Yv - -  2 dv _ 
dx 2 dx 

2a 2a ( t in , -  tin) v -~ =0 .  (10) 
;~ sin ]5 ~, sin [~ 

We wil l  f ind v(x) in the f o r m  

v(x) = A ltm,-- qt.c (x)L 

0 c  ~ r n  

h 

H 

F ig .  1. Conica l  rod .  
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where the constant A is found f rom the Galerkin equat- 
ion 

h 

S M Iv (x)] [tm,-- tst~c (x)] d x  = O. 
0 

The s ta t ionary solution in dimensionless  fo rm is 

Ost = A [/l Bi, ch~(1--~)1_] (11) 
B i ~ c h x + x s h x J  ' L 

where 

1 ] 
N = . s i n l ~  - - 1  + _ -- -- X (cth ~ + ~/Bi, ) 

7: 
{ ~ ' + t h  -~  2Bi [ 2 ] 

X - cth-z+~/Bi, Fsi- ~ - - 1 +  ~(cth~+.~/Bi ' + 

~ ~. 3 / 1 cth-~\ 
4sh2 ~ ~ - - -  [ s - - ~  +---~---) Bitg ~ -  | - ,  

/ 

Figure 2 presen ts  curves  of the distribution of 
s ta t ionary t empera tu res  along the rod calculated f rom 
the formulas  we have obtained (approximate solution) 
and by the method of pivotal condensation (exact solu- 
tion). The agreement  of the resu l t s  is good. The r e -  
sults of calculations based on a s e r i e s  of other values 
of the p a r a m e t e r s  also indicate that using only the 
f i r s t  approximation of the Galerkin method ensures  
good accuracy.  

We will seek the approximate  solution of p rob lem 
(6)-(8) in accordance with the Galerkin-Kantorovich 
method [5] in the fo rm 

u(nJ (x, ~) = ~ cosl~(1--x/h)~pk('O, (12) 
k ~ l  

Bi, where ~ is found f rom the equation tg ~k = - - ,  ~k (~) 
~k 

are  determined f rom the sys t em of Galerkin equations 

h n 

-- x/h) dx = O, m ----1 . . . .  , n. 

Hence we obtain 

In the limit when the conical rod becomes cylindric- 
al, system (13) breaks down and is written in the fol- 
lowing simple form: 

d ~ .  ( 2 ,  2 B i ] -  
d--~-o + ~m-~--ff-] ~m =0, m = 1 . . . . .  n. (14) 

The roots  of the charac ter i s t ic  equation of sys tem 
(13) a re  negative or  have negative rea l  pa r t s ,  which 

ii( 
0 ~75 x 

Fig. 2. Distribution of s t a t -  
ionary t empera tu re  | along 
length of rod (t(x, 0) = tin; 
Bi 1 = 1; Bi = 0.2; fl = 0.05; 
H = 4): a) approximate  so-  

lution; b) exact solution. 

corresponds  to the physical  significance of the heat 
conduction problem considered. For  f i r s t  approxima-  
tions this resul t  is easi ly obtained in general  form if 
the Routh-Hurwitz cr i ter ion is employed. 

To determine ~m(0) we substitute (12) into (8), 
multiply both sides of the equation obtained by cos ttm �9 
�9 (1 - x/h) and integrate  f rom 0 to h. We then obtain 

~ (o) ---= 

I 

2 ~  .f f (x) - *~t (~) 
Ix,,, + sin IX,,~ cos t~,~ 7m~tm 

0 

cos IX,~ (1 - -  x) d x  . 

If f (x )  =tin,  it follows that 

d F  ~ + a m ~ m " ~  a~k~k=0,  m== 1 . . . . .  n, (13) 

a p r ime  on the summation sign indicating that the t e r m  
k = m is not included in the summation.  

It is easy  to see that % > 0 ,  d ~ > 0  and a ~ >  ~ .  
Thus, the problem of determining u(x, r) reduces  

to solving sys t em (13) for  q~m" The integration of this 
sys tem leads to algebraic  operat ions and in the general  
e ra l  case can be successful ly pe r fo rmed  on electronic 
computers .  A desk calculator  can be used for  calcula-  
ting f i r s t  approximations.  

21x2 sin ~m ( A - - 1  A ) 

~ (0 )  = IX~ + sin IX~ cos IX~ ~ IX~ + ~2 " 

The final f o r m  of the solution of our problem is then 

n 

o ~"' = o~  (~) - Y cos Ix~ ( 1 -  7) ~ (Fo) (15) 
k = l  

In the l imit ing case of a cylindrical  rod and with 
f (x )  = t m  we obtain the known formula  [4]. 

Figure 3 presents  curves  of | as a function of the 
number  F0 for  our example of the heating of a rod. The 
behavior  of the curves  indicates that the convergence 
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Fig. 3. Temperature  @(n) as a function of the number 
F0(t(x, 0) = t m ;  Bil = 1; Bi = 0.2; fl = 0.05; H=  4): sol-  
id l ine--for O(1), broken line--| dot-dash l ine--  

| 1, 2, 3) at x = 0.2, 0.1, and 0, respectively. 

of the successive approximations is good and that it is 
perfectly sufficient to confine oneself to the f i rs t  three. 

We also used the above method to solve the problem 
of the heating of a conical rod when a conductive heat 
flow is supplied through the smal ler  base of the cone, 
the la rger  base being thermally insulated. The method 
can also be employed to calculate the heating of a rod 
under other types of boundary conditions. 

NOTATION 

t--temperature in rod; x--coordinate; 7--time; 

)t--heat conductivity; c--specific heat; y--specific 
weight; a--thermal diffusivity; H--height of complete 

cone; tm and s--temperature of medium and heat trans- 
fer coefficient at lateral surface; tln t and o~l--the same 
quantities at the larger base of the cone; t~--cone half 
angle; h--height of truncated cone; r--radius of larger 
base; tst--stationary temperature in rod; t(n)--non - 
stationary temperature in n-th approximation; Bi = ~ h/X, 

B i  = a 1 h /X ,  f f  = H / h ,  ~ ~ h 1 / 2 a / X  r ,  x = x / h ,  7 =  r /h;  Ost = (tin, - -  

--tst)/(6-n, - - / I n ) ,  O(n) - -  (~'m, - -  t ( n ) ) / ( I m ,  - - t m ) ,  ~'m= ~m/ ( t m ,  --tm.), 

F o = a , c / h ~ ,  e m = ( 2 ~ _ _ l ) / 2 +  ~ sin21J,m 1 s i n ~ r n  J i.~2 
2~tn 2 Ix 2 ~ d m ~  m • 

m 

X e m @ 2 ~  ~ - - -  1 - -  , [ink ~ 2 2 1 - -  
t~m ) ' sin f~ @ 2?rn I-~k - -  I~m 

cos~m \ dm fm~ ) , am  = - -  , aml~ ~ - -  --dimensionless  and er i -  
cOS Ixk e m ern 

terial quantities. 
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